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QUASI-CONVERGENCE OF THE RICCI FLOW ON LOCALLY 
HOMOGENEOUS CLOSED 4-MANIFOLDS 


SONGBO HOU 

Abstract. We study the quasi-convergence equivalence of some families of met¬ 
rics on locally homogeneous closed 4-manifolds with trivial isotropy group, and 
identify the dimension of each equivalence class under certain conditions. 


1. Introduction 

The Ricci flow is a parabolic partial differential equation system: 


dg^ 




dt 


= -2Rc, g{0) = go, 


( 1 ) 


which plays an important role in studying geometries and topologies of manifolds. 

Since homogeneous 3-manifolds are models of Thurston’s geometrization con¬ 
jecture, it is natural and essential to study long-time behaviors on closed three- 
manifolds. In [in], J. Isenberg and M. Jackson studied and described characteristic 
behaviors of Ricci flow in every class of locally homogeneous geometries. 

The results in [7118] indicated that the Ricci flow could be useful to study geometric 
and topological properties of 4-manifolds. In order to explore further possibility in 
four dimensions, J. Isenberg, M. Jackson and Peng Lu [H] studied the Ricci flow on 
locally homogeneous four-manifolds, and found that the Ricci flow has the similar 
behaviors as those in [10], in general, if a solution exists for all time, then the flow 
has a type III singularity in the sense of Hamilton. 

Recall that the normalized Ricci flow 

dgij 


dt 


2r 

= —2Rc H- g 

n 


( 2 ) 


where n is the dimension of the manifold and r is the average of the scalar curvature 
R. The normalization keeps the volume constant under the flow. In recent years, 
there are some sdudies on the Ricci flow under more sophisticated procedures on 
locally homogeneous manifolds. In [1], Xiaodong Cao and Laurent Saloff-Coste 
studied the backward Ricci flow, i.e., assuming the existence interval of the solution 
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to (2) on locally homogeneous 3-manifolds is (—Tfc,Ty), they described the behavior 
of the Ricci flow as t goes to —Tf, and obtained the convergence to a sub-Riemannian 
geometry by a proper re-scaling. Similar results hold for some classes of locally 
homogeneous 4-manifolds [2]. Related references include [DISIEIEIIII]. 

As the Ricci flow can only converge to Einstein metrics, which means that the 
right-hand side of equation (2) becomes zero, there are many examples show that 
the Ricci flow does not converge although it exists for all positive time. Many of 
those examples collapse in the sense that the maximum injectivity radius of the 
solution to equation (2) goes to 0 as f —)■ cxo. In |9], Hamilton and Isenberg used 
the concept of quasi-convergence to describe the behavior of Ricci flow of a family 
of solv-geometry metrics on twisted torus bundles. The Ricci flow collapse in this 
family. Further, in 2000, Knopf [I2] proved that the quasi-convergence equivalence 
of any metric in this family contains a 1-parameter family of locally homogeneous 
metrics, and he formulated the following dehnition. 

Definition 1.1. If g and h are evolving Riemannian metrics on M, g is said to 
quasi-convergence to h and denote by g E [h] if for any e > 0 there exists a time t^ 
such that 

sup l^f - h\h < e. 

M X [ieiOo) 


In [I3] , Dan Knopf and Kevin McLeod studied the quasi-convergence of all locally 
homogeneous metrics for which the Ricci flow exists to inhnity. On any locally 
homogeneous 3-maniflod, there exists a Milnor frame |T6] which can simultaneously 
diagonalize the initial metric and the Ricci tensor. Then the Ricci flow reduces to an 
ODE system. Knopf-McLeod analyzed [g] in two case: the diagonal cases and the 
general cases. In the diagonal case, they assumed that g and h are diagonal under 
the same Milnor frame. Correspondingly, in the general case, g and h are diagonal 
under two different frames. The later case needs more analysis. 

The subject of this paper is to study the quasi-convergence of the Ricci flow on 
locally homogeneous closed 4-manifolds. A class of four dimensional homogeneous 
geometries can be identihed by (M, G, I) where M is a simply connected four man¬ 
ifolds, G is a transitive Lie group acting on M and I is the minimal isotropy group 
of the action. Four dimensional homogeneous geometries can be divided into two 
categories. One category with trivial isotropy group is labelled by A. Another cat¬ 
egory with non-trivial isotropy group is labelled by B (refer to [H]). The locally 

homogeneous 4-manifolds are quite different from 3-manifolds. In the case of four 
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dimensions, even if we can diagonalize some locally homogeneous metrics, the Ricci 
flow will destroy the diagonalization as time goes on. In order to overcome such 
difficulty, J. Isenberg, M. Jackson and P. Lu m used transition matrices to identify 
some families of the initial metrics so that the Ricci flow keeps the diagonalization. 
Then the Ricci flow equation becomes an ODE system. Motivated by the ideas 
in [IIHI3], we consider two cases when deal with the quasi-convergence on locally 
homogeneous 4-manifolds. The hrst case is that, assuming we can use the same 
matrices as in m to diagonalize initial metrics go and go with which g{t) and g{t) 
evolves by the Ricci flow, compare g{t) and g{t). In the second case, under the 
assumption that we can use the same types of matrices with different entries to 
diagonalize initial metrics go and go such that g{t) and g{t) keep diagonalization, 
compare g(t) and g{t) to study [^f]. 

Denote a = (hi, Y 2 , T 3 , T 4 ) a frame, and the set of all metrics and their Ricci 
tensors being diagonal with respect to a. We always begin our analysis of by 
studying 


[9] a = [g] n Va 


Denote jS = {Y[, R 3 , R 4 ) another frame. Assume the Ricci flow solution g{t) is 

diagonal under a, and g{t) is diagonal under (3. If the transformation from to a is 


w 



A 2 

= A 

y' 

■'3 

w 


y' 

L -'4 J 


where A is a transition matrix, the following relation between evolving component 
matrix gait) of git) under a and gpit) under (3 holds: 

gait) = Ag^it)^^. 


Then computation on \g — g\‘^ yields the quasi-convergence result. 

We also broaden the discussion to Ricci flow on 4-dimensional unimodular Lie 
groups and focus on category A including class A1 — AlO. Since the existence 
interval of the Ricci flow in class AlO is hnite, we omit this class. Denoting 
Xi, X 2 , A 3 , A 4 a basis such that the Lie brackets take the characteristic forms 

( refer to mm), and 

go = Aica^ ® J- X 2 U}‘^ 0 J- 0 J- A4a;"^ 0 
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where w* is the frame of 1-forms dual to Xj, we recall the Ricci flow equation, the 
solution or the long-time behavior, and the conserved quantities in [n] , then analyze 
every cases. We will get the conditions some entries in transition matrices satisfy 
and the dimension of each quasi-convergence equivalence class. 

2. Al. 

The Ricci flow is trivial and [g] is 0-dimensional. 

3. A2. 

3.1. The class [g]a 

(A2iv) This corresponds to case in which k 0, 1, —From the conclusions 
in HU, assume that we can use Yi = with 


A = 


10 0 0 
0 10 0 
0 0 11 
CI 4 CI 5 Og 1 

to diagonalize the initial metric go. The Ricci flow is 


dA ^ 


^ =4{k^ + k + l). 
dt 


B{t) =A 2 , 

D{t) =A 4 -|- + k + l)t. 


It is easy to obtain the solution 
A{t) = Al, 

Cit) = A 3 , 

Denote a = (W, X 2 , X 3 , W)- If 

g = Auj^ (g) -I- Buj'^ + Cuj^ ® uj^ + ® 

is another metric in [g]a with initial data (Ai, A 2 , A 3 , A 4 ), then 


\9-9\l = 


A-A" ^ 


A 


+ 


B-B 


where 


B 

A-A 
A 

B-B 

B 

C-C 


+ 


C-C 


c 


+ 


D-D 

D 


C 


= 1 - 
= 1 - 
= 1 - 


Al’ 

A2 

A 3 ’ 











D-D _ \4 + 4:{e + k + l)t 

D A 4 + 4(A;2 I'jt 

Lemma 3.1. The class [g]a for an A2i'v-geometry metric is exactly a 1-parameter 
family. 

Proof. Note that g G [g]a iff and ^ all converge to 1. It follows that 

Ai = Ai, A 2 = A 2 , A 3 = A 3 and A 4 can be chosen arbitrarily. The proof is got. 

3.2. g and g are diagonal nnder two different frames a and P 

Assume that we can use P* = with 


and K' = A'fXk with 


A = 


1 0 

0 1 

0 0 1 

(3-4 (3-5 CLq 


0 0 
0 0 
1 
1 


A = 


10 0 0 
0 10 0 


0 0 1 

/ / / 

(34 (3^ (3g 


to diagonalize go, go respectively. 

Denote (3 = {Y[, FJ , Dg, V^) . The transformation for to a is 


Vi 

V 2 

Vs 


= AA 


-1 


lK 


Letting 


and 


a = 04 — 04 , b = — a^, c = 


^6) 


A = 


we have 


10 0 0 
0 10 0 
0 0 10 
a b c 1 


r; 


■ hd ■ 


hd 

= A 


. ^4 . 



y2 

rs 
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The relation between ga{t) and gp{t) is 

go,{t) = Agp{t)A^. 


Assuming 


then we get 


Qcit) 


9g{t) 


A 0 0 0 ■ 

0 S 0 0 

0 0 C 0 ’ 

0 0 0 T> 


AGO Aa 

0 5 0 Bb 

0 0 (A _ Cc 

Aa Bb Cc a^A + b'^B + CC + D 


Theorem 3.1. The quasi-convergence class [g] is exactly a 1-parameter family. 
Proof. In fact, it is easy to see that 

A(t) = Ai, B{t) =A2, 

C'(t) = A3, 5(t) =A4 + 4(fc2 + fc + l)t 


Thus g G if and only if all terms convergence to 0 in the sum 


\9-9\l 


[A-AV fB-B 

[—) ^ (— 


2 

+ 


c-c 
c 


+ 2 


(Aa )2 

AD 


2{Bbf 2{Ccf fa^A + b'^B + CC + D-D 
BD ^ CD ^ V D 


This implies that Ai, A 2 and A 3 are determined, and A 4 is arbitrary. 

The analysis in the cases (A2i), (A2ii), (A2iii) is similar. 

4. A3. Ul[Z,ZA]- 

4.1. The class [g]a 

From the conclusions in [TTj, assume that we can use Tj = with 

■ 1 0 0 0 ' 

0 10 0 
0010 
04 CI5 flg 1 


to diagonalize the initial metric g^. 
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The Ricci flow is 

dA__A^-B^ dB__B^-A^ 

dt BD ’ dt AD ’ 

dC dD _{A-BY+ 12eAB 

dt ’ dt AB 

From the behavior of the solution to Ricci flow, we get the following theorem. 

Lemma 4.1. The class [g]o, is exactly a 2-parameter family. 

Proof. If Ai = A 2 , then 

A{t) = Ai, B{t) = A 2 , C{t) = A 3 , D{t) = A 4 + 12k‘^t. 

If Ai Y A 2 ,the long-time behavior of the solution g{t) is (refer to [TT]) 

A(t) —>■ \/ A 1 A 2 , B[t) —)■ A 1 A 2 , C{t) = A 3 , D[t) —)■ cxo. 

Let g G [g]a correspond to the initial data (Ai, A 2 , ^ 3 , A 4 ) . Then ^ ^ 1 and ■§ —t 1 
if and only if A 1 A 2 = A 1 A 2 . It is easy to see that 

, D , (A-BY + 12k‘^AB 

hm — = hm —----7—— = 1 . 

t^cx) D t^oo (^A — BY -|- 12k^AB 
If Ai and A 4 are prescribed, A 2 and A 3 are determined. 

4.2. g and g are diagonal nnder two different frames a and /3 

The analysis in this case is similar to that in Section 3.2. 

5. A4. 171[2,1]. 

5.1. The class [g]a 

From the conclusions in [H], assume that we can use Yi = A^Xk with 


1 CI 2 0 
0 10 0 
0 Oi 1 0 

O4 CI5 Og 1 


to diagonalize the initial metric go. The solution to the Ricci flow is 


4 = A.|l + |Fi 

A1A4 


C = A 3 , 


1/3 


B —A 2 I 1 + 


D —A 4 ( 1 -|- 


3 A 2 

A1A4 

3 A 2 

A1A4 


-1/3 


1/3 


Lemma 5.1. The class [g]a for an A4-geometry metric is exactly a 1-parameter 
family. 
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Proof. Assume that 


g{t) = Au^ 0 + Bu‘^ 0 + Cuj^ 0 o;^ + Du* 0 u*. 

Then g E [g]a if and only if ^ —t 1,§ —)■ 1 ,§ —)■ 1,^ ^ 1 . Thus we derive A3 = A3. 
Let ^ = k. We obtain 

Ai 

A2 _ 1 -^4 _ , 

Y2~k ■ 

We choose Ai arbitrarily. Then A2 and A4 will be determined. This completes the 
proof. 

5.2. g and g are diagonal nnder two different frames a and P 

Assume that we can use Yi = AfXfc with 


A = 


and Y- = A'^Xfc with 


a' = 


to diagonalize go, go respectively. 
The transformation for to a is 

■ W ■ 

>"2 

. ^4 . 

Denoting 


1 0,2 (I3 0 

0 10 0 
0 Oi 1 0 

O4 O5 (Xq 1 


1 Qj 2 ^3 0 

0 10 0 
0 a'l 1 0 

III 

^4 ^5 ^6 ^ 


= AA 


'-1 


>^ 2 ' 

y' 

-'3 


/ I/I I / 

a = ai — b = a 2 — a 2 + — a^^as, c = as — a = 


^45 


III 


6 — a^ ^5 a^a^ a^a^^ a-^a^ a-^a^ a-^a^a^^ a-^asa^^ 

r _ ' \ ' ' 

j — ^6 ^6 a^^a^ a^a^ 


1 6 c 0 

0 10 0 
0 a 1 0 ’ 

d e f 1 
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and 



we have 


Ui 


rn'i 

U 2 

= A 

y' 

-'3 

U 4 


y' 

L -'^4 J 


The relation between gait) and gpit) is 

gait) = Agp{t)A^. 


Assuming 


then we get 


ggit) 


A 0 0 0 ■ 

0 5 0 0 

0 0 C 0 ’ 

0 0 0 5 


9a{t) = 


A + b^B + c^C bB bBa + cC dA + bBe + cCf 
bB B aB eB 

bBa + cC aB a?B + C aBe + fC 

dA + bBe + cCf eB aBe + fC d^^A + e^B + pC + D 

Thus g G [g] if and only if all terms convergence to 0 in the sum 


\9-9\l = 


A + b‘^B + c^C - A 
A 


+ 


B-B 


B 


+ 


C-C-a^B^^ 
C 


d^A + e^B + pC + D-D 
D 


+ 2^ + 2M^±^ + 2^ + 


AB 


AC 


AD 


+ 2 ^ 1 ! + 2 ^ 1 ! + 2 


BC 


BD 


CD 


It follows that d = 0 which implies that a^ = 04 , and ^ —)■ 1,-| —)■ 1,^ —)■ 1,^ —)■ 1. 
Under the condition 04 = 04 , we have the following Theorem. 

Theorem 5.1. The class [g] is a exactly 1-parameter family. 

The proof is similar to Lemma 5.1. 


6. A5. Ul[2,l]. 


6.1. The class [g]a 
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Recall the results in m- The Ricci flow is 


B 

D 


dA 

dt 
dC 


B 

AD 


A, 


dB 

dt 


^ = -^B 
AD AD ’ 


dD B 


The long time behavior of the solution g{t) is 

A{t) oo, B{t) 0^, C{t) = A 3 , D{t) 00 . 


We also have AB = A 1 A 2 . 

Lemma 6.1. The class [g\a for an A5-geometry metric is exactly a 2-parameter 
family. 

Proof. Assume that 


I bJ 


g{t) = Au^ 0 + Bu"^ + Cu^ 0 + Du'^ < 

is another Ricci flow solution with the initial data (Ai, A 2 , A 3 , Ai). Then g G [g]a if 
and only if all terms converge to 0 in the sum 


1 ^ 




A-A 


+ 


B 


B'' ^ 


From the equation, it follows that 


B 


DtD dD{t) Q ^ 

lim = lim Jf. . = lim-^ = 1 . 

t—)-CX) Z)(t) t^OO t^OO 3 -|- 

dt ^ 


+ 


c-c 

c 


+ 


D-D 

D 


B 


Then AjA 1 and B/B 1 if and only if A 1 A 2 = A 1 A 2 since = 

A 2 = once Ai is chosen, A 2 is fixed, and A 4 can be arbitrary. 

6 . 2 . g and g are diagonal nnder two different frames a and ft. 

Assume we can use Rj = with 


dA^ _ 2A1A2 


From 


02 0 0 
1 0 0 
0 1 0 
O 5 Oq 1 


and Y. = A'f^Xk with 

1 




On 0 0 

1 0 0 
0 1 0 
^ 


A = 


1 

0 

0 

04 


to diagonalize go, go respectively. 
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The transformation for /9 to a is 


■ n ■ 


rn'i 

>^2 

= AA'-i 

>^2 

/ 

^3 

>^3 

. ^4 . 


y' 

L -'4 J 


Denoting 


/ / tilt 

Oj = fl 2 — ^ ~ ^ ~ (^ 2^4 — 02 ^ 4 ) ® “ ®6 


and 


we have 


As previous, we get 


^a(t) = 


1 a 0 0 
0 10 0 
0 0 10 ’ 
h c d 1 





>^2 

= A 

>^2' 

y' 

-'3 

w 


y' 

L -'4 J 


A + a^B aB 0 hA-\- acB 

aB B 0 cB 

0 QC dC 

bA + acB cB dC b'^A + c^B + d?C + D 


Thus g G [g] if and only if all terms convergence to 0 in the sum 

, ,2 (A-A-a^BV /B-BV fC-CV {b‘^A + c^B + d^C + D-D 

- 1 - ) ^- 

2{aBf 2{bA + acBf 2{cBf 2{dCf 
^ AB ^ AD ^ BD ^ CD 


It follows that As = As, hmi_j,o ^ = 1 and hmi_j,o ■§ = 1 from (AAz£ih )2 

and goes to 0. Other terms go to 0 obviously after simply computation. We 

also have the following Theorem. 

Theorem 6.1. The class [g] is exactly a 2-parameter family. 

7. A6. Dl[3]. 


7.1. The class [g]a 
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dB AC - 


Recall the results in m- The Ricci flow is 

dA_^ 
lU ~D' 
dC _ 

Hd ~ 

The solution to the Ricci flow is 


dt AD ’ 
dD _B C 
'dd ~^^B' 


A{t) = Xi{3Eot + l)^/^ B{t) = X2{3Eot + l)-^/\3Eot + l)^/^ 

C{t) = A3(3Fot + D{t) = Xii3Eot + + l)^/^ 

where i?o = ^ and E, = 

Lemma 7.1. The class [g]a is exactly a 2-parameter family. 

Proof. Assume that 


g{t) = Acn^ (g) + Bu"^ (g) + Cu^ <g) 0 


is another Ricci flow solution with the initial data (Ai, A 2 , A 3 , A 4 ). Then g G [g]a if 
and only if all terms converge to 0 in the sum 


\9-9\l = 


A-A 
A 


+ 


B-B 

B 


+ 


C-C 

c 


D-D 

D 


Thus A/A —)■ 1, B/B —)■ 1, C/C —)■ 1 and D/D ^ 1 if and only if the following 
equalities hold 


X 1/3 

Xi \Eo) 

1/3 

= 1 , 


Ai /' Eq 


X 




f f 

^2 V-^ 0 / 




A 3 


\ / jT' \ / p \ 

Aa / -C/n \ / -Tr ' 




- = 1 - 
Fo 


EqJ ' Xa \EoJ 

It is easy to see that if any two terms of Ai, A 2 , A 3 , A 4 are chosen, then the left two 
will be determined. 

7.2. g and g are diagonal nnder two different frames a and fd 

Assume we can use Yi = AfXfc with 


1 cii CI3 0 

0 1 Oi 0 

0 0 10 
CI 4 CI 5 0(3 1 


and Y/ = A/fXk with 
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1 

0 

0 


A = 

to diagonalize Qq, % respectively. 
The transformation for to a is 


ai 

1 

0 

etc 


1 

Cla 


0 

0 

0 

1 


■ n ■ 


rn'i 

>"2 

= AA'-i 

>^2' 

/ 


>^3 

. ^4 . 


y' 

L -'4 J 


Denoting 


a = Oi 


''1) 


b = a4, 


^4’ 


C = 05 — Og + 0^04 — 0^04, 


fill /o ' ''2 

d = Og — Og T 040^ — O 4 CI 5 T O 4 04 — O 4 O 4 T O 3 O 4 — O 3 O 4 , e = 03 — O 3 T O 4 — 01O4. 


and 


A = 


1 a e 0 
0 1 a 0 
0 0 10 
b c d 1 


we have 


Di 



>2 

>^3 

= A 

>^2' 

y' 

-'3 



y' 

L -'4 J 


As previous, assuming 


90{t) = 


A 0 0 0 
0 5 0 0 
0 0 C 0 
0 0 0 5 


then we get 


gaii) = 


A + a^B + e^C aB + eCa eC bA + aBc + eCd 

aB + eCa B + a?C aC cB + aCd 

eC aC C dC 

bA + aBc + eCd cB + aCd dC b‘^A + c^B + d^C + D 
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Thus g G [g] if and only if all terms convergence to 0 in the sum 


\9-9\l = 


A-A-a^B- e^C 

A 


+ 


B-B-a^C 

B 


+ 


C-C 

c 


b'^A + ^B + (PC + D-D 
D 


^ 2{aB + aeC)^ ^ 2{eCf 


AB 


AC 


2(bA + acB + deCf , 2(aC)^ ^ 2{cB + adCf ^ 2{dCf 


AD 


BC 


BD 


CD 


It follows that g G [g] if and only if 

A B C D 

Theorem 7.1. The class [g] is exactly a 2-parameter family. 

8. A7. f/3/0. 

(A7i) 8.1. The class [g]a 

Recall the results in m- The Ricci flow is 


dA B C 
dC B D C^ 


dB _C ^D 


dt A B AB' 

The long time behavior of the Ricci flow g{t) is 

A[t) ~ At, B{t) ~ C{t) 


dt A C AC 
dD __ D^ 
dt 


D{t) 


BC 




/ ^ \ - 1/3 

We also have D{t) = A4 f 1 + j , BCD'^ = \ 2\Ch and AD{B - C) = 
AiA4(A2 — A3). 

Lemma 8.1. The class [g]a is exactly a 3-parameter family. 

Proof. Assume that 

g{t) = AC 0 0 ;^ + BC 00 ;^ + CC ® + DC 0 C 

is another Ricci flow solution with the initial data (Ai, A2, A3, A4). Then g G [g]a if 
and only if all terms converge to 0 in the sum 


A-^ 


^ B-By^rc-cy^fD-D 


^^9 \A} '\B} '\CI '\D 

By ( 11 ) in [TI], it is obvious that A/A approaches to 1 . By the equalities BCD^ = 
A2A3A4 and AD{B — C) = AiA4(A2 — A3), we have limt_,.oo § = 1- Then B/B —)■ 1, 
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CjC 1 and D/D —)■ 1 if and only if A2A3A4 = A2A3A4. In fact, ii B/B —)■ 1, 
C/C 1 and D/D 1 , then —)■ 1 . This yields A2A3A4 = A2A3AI. If 

A2A3AI = A2A3AI holds, then D/D ^ 1 , limt^oo = hmt^oo Bci-B^ic] = 
limt^oo = 1 and linit^oo = 1 - We can choose Ai, A2 and A4 arbitrarily. 

8 .2. g and g are diagonal under two different frames a and P 

Assume we can use F* = AfXk with 


1 —O3 (Xi ( Xq 
. ^ 0 1 0 as 

0 0 1 ai 

0 0 0 1 

and Y/ = with 

r til 

X Qjo Qj-\ Clf; 

A 0 1 0 03 

''=0 0 1 4 

_ 0 0 01 

to diagonalize go, go respectively. 

The transformation for /5 to a is 

■ Fi ■ 

F 2 

W 

. ^4 . 

Denoting 

a = —Os T 03, b = tti — ctj , c = Og — Og T 0303 — aia^ — 03 T a^ , 



1 

= AA'-i 


>^3 


y' 

L 44 J 


and 


we have 


1 a 6 c 
0 10 —a 
0 0 1b 
0 0 0 1 


Fi 


1 

F2 

>3 

= A 

y' 

■'3 

F4 


y' 

L 44 J 
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As previous, assuming 


9p{t) = 


A 0 0 0 
0 5 0 0 
0 0 C 0 
0 0 0 5 


then we get 

9a{t) = 

Thus g e [g] if and only if all terms convergence to 0 in the sum 


A + a^B + b^C + c^D 

aB — caD 

bC + cDb 

cD 

aB — cDa 

B + a^D 

—aDb 

—aD 

bC + cDb 

—aDb 

C + b^D 

bD 

cD 

—aD 

bD 

D 


\9-9\l = 


A- A-a‘^B -b‘^C -c^D^ ^ 

A 


^ B - B - a^Dy ^ /C-C-b^D 


B 


C 


D-DY ^ 2{aB - acDf ^ 2{bC + bcDf ^ 2{cDf 


DJ AB 

2{abDf 2{aDf 2{bDf 


AC 


AD 


BC 

Then we have 


BD 


CD 


A B C D 

I ^ B ^ C ^ ^ 


Theorem 8.1. The class [g] is exactly a 3-parameter family. 


(A7ii) 8.3. The class [g]a 

Recall the results in m- The Ricci flow equation is 


dA B^ + 2(l + ai)BC+(l-alyC^ dB AD - B^ + (1 - aYC^ 


dt BC 

dC AD + B^-{1- alfC^ 

~dl ~ AB ’ 

The solution to the Ricci flow is 

A = Ai + 4f, 

C = --2 (-^2 + 3(1 — a2)A2A4f)^^^, 

1 — 02 

We also have BD = A 2 A 4 . 


dt AC 

dD _ 52 

It ~~ Wi' 


B =(A3 + 3(l-a2)A2A4^)^/^ 

D =\2Xy\l + 3(1 - a^)A2A4t)"^/^ 
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Lemma 8.2. The class [g\a is exactly a 2 -parameter family. 
Proof. Assume 


g{t) = Auj^ 0 + Buj^ 0 0 0 

is another Ricci flow solution with the initial data (Ai, A 2 , A 3 , A 4 ). Then g G [g]a if 
and only if all terms converge to 0 in the sum 

— . o 

D-D 


, , A - A 

Id - 9 \n= ( :— I + 


B-B^^ 


+ 


2 


+ 


A J \ B ) \ C J \ D 

It is easy to see that A/A goes to 1 . We also get R/R—)-l, (T/C—)-l and D/D —)■ 1 
if and only if A2A4 = A2A4. Once A2 is chosen, A4 and A3 will be determined since 
A2 = (1 — 02)^3 holds in this calss. 

8.4. g and g are diagonal under two different frames a and ft. 

Assume that we can use Yi = with 


and Y/ = iffXk with 


A = 


1 

0 

0 

0 


—03 0 Og 

1 02 O3 

0 1 0 

0 0 1 


A = 

to diagonalize 5^0; 9 o respectively. 
The transformation for to a is 


1 

0 

0 

0 


0 


a. 


6 


Cto 


1 Oo 

0 1 0" 

0 0 1 


■ W ■ 



D2 

= AA'-i 

>^2' 

^3 


. ^4 . 


y' 

L ■'4 J 


Denoting 

/ / /// / / 
a = a^ — a^, 0 = 02 — 03, c = 0303 — 0303, a = Og — Og + 0303 — a 


A = 


lac 
0 1 b 
0 0 1 
0 0 0 
17 


d 

—a 

0 

1 


and 



we have 





>2 

>^3 

= A 

>^2' 

y' 

■'3 



y' 

L -'4 J 


As previous, we get 


A + a^B + c^C + d^D 

aB + cCb — dDa 

cC 

dD 

aB + cCb — dDa 

B + b^C + a^D 

bC 

—aD 

cC 

bC 

c 

0 

dD 

—aD 

0 

D 


Thus g E [g] if and only 








\9-9\l = 


2 I A - A - a'^B - c'^C - d^Dy ^ 


A 


C-C' 

C 


+ 


D-D^^ 
D 


B - B -b'^C - a^D' 
B 

2 (aB + bcC — adDY 2 {cC 
AB ^ 


2 {dDf 2 {bCf 2 {aDf 
^ AD ^ BC ^ BD 


2 


2 


So we have 6 = 0 which implies = 02 and 

^ B C D ^ 
A^'-' 

Under the condition 02 = ( 12 , we get the following theorem. 
Theorem 8 . 2 . The class [g] is exactly a 2 -parameter family. 

9 . A 8 . U 3 I 2 . 


9 . 1 . The class [g]a 

Recall the results in m- The Ricci flow is 


dA _C B ^ dB 

dt B ^ C ' dt 

dC _ B D dD 

Hi 


The long time behavior of the Ricci flow g{t) is 


B^ C D 

He' 


A{t) -E ^ 4 / 2 , B{t) -E +CXD, C{t) -E +CX0, D{t) -E 0 ^, 

1 /3 

where ^4 = We also have D{t) = A 4 + j^t^ , BCD'^ = A 2 A 3 A 4 and 

AD(^B + C) = AiA 4 (A 2 + A 3 ). 
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Lemma 9.1. The class [g\a is exactly a 2-parameter family. 
Proof. Assume that 


g{t) = Au^ 0 + Bu'^ 0 + Cu^ 0 0 


is another Ricci flow solution with the initial data (Ai, A2, A3, A4). Then g G [g]a if 
and only if all terms converge to 0 in the sum 


\ 9 - 9 \l = 


A-A 
A 


b-bV 


c-cV 


D-D 

D 


It follows from BCD^ = A 2 A 3 AI and AD{B + C) = AiA 4 (A 2 + A 3 ) that limt_ 5 .oo § = 1- 
Thus A/A —)-l, R/R—)-l, (T/C—)-l and D/D —)■ 1 if and only if A2A3A4 = A2A3A4 
and AiA 4(A2 + A3) = AiA4(A2 + A3). 

If A 2 and A 4 are prescribed, then Ai and A 3 are determined. 

9.2. g and g are diagonal under two different frames a and (3 

Assume that we can use R* = A/Xk with 


1 CI3 Gi Gq 

01 0 03 

0 0 1 Oi 

0 0 0 1 

and Y/ = A'/^Xk with 


1 ' ' ' "I 

1 CI3 G-^ Gq 

0 1 0 03 

00 1 a'l 

0 0 0 1 _ 

to diagonalize go, go respectively. 

The transformation for to a is 

■ n 

>"2 




/ / / / / /<2 fn 

a = O3 — O3, b = tti — O4, c = Og — Og — O1O4 — O3O3 T T O3 
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Denoting 



and 


1 a b c 
. _ 0 10a 

001b’ 
0 0 0 1 

we have 


Ri 



>2 

= A 

y' 

■'3 



y' 

L -'4 J 


As previous, we get 


9a(t) 


A + a^B + b‘^C + c^D 

aB -1- cDa 

bC + cDb 

cD 

aB cDa 

B + a‘^D 

aDb 

aD 

bC + cDb 

aDb 

C + b'^D 

bD 

cD 

aD 

bD 

D 


Thus g e [g] if and only if all terms convergence to 0 in the sum 


\9-9\l = 


A- A-a^B -b‘^C - c^D 


A 


+ 


B-B-a^D 

B 


+ 


C 


C-b^D'' ^ 


C 


D-D 
D 

2{abDf 
^ BC 


^ 2{aB + acDf ^ 2{bC + bcDf ^ 2{cDf 


AB 

2{aDf 2{bDf 


AC 


AD 


BD 


CD 


Thus we get a = 0 and 6 = 0. Under the condition a = 0 and 6 = 0, it is easy to 
see that 

^ B C D ^ 

Theorem 9.1. The class [g] is exactly a 2-parameter family. 


10. A9. U3^1. 

A9i In this case, the metric g{t) is a product on S'L(2,M) x M 

9{t) = 9sL{t) + Xidu^ 

where gsiif) = A{t)<jj^ ® + B{t)u'^ (g) + C{t)u^ 0 is a Ricci flow solution on 

S'L(2,M). Refer to [13] for the quasi-convergence on SL{2,M.). 

A9ii Recall the results in HD- The Ricci flow is 
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dA _ {B + Cf - ^ + dB _{A + Cy-B^ ^ A‘^ - B\^ 

H ~ SC BD H ~ AC ^ AD 

dC_{A-Bf-C^ dD _{A + By 2 

~dt ~ AB ’ IF ~ AB 

In this case, A = B and the Ricci flow reduces to 

^_C 

dt A ' dt A^' dt ^ 

The long time behavior of the Ricci flow g{t) is 

A{t) +CXD, B{t) + 00 , C{t) —)■ constant > 0, D{t) +cxd. 


10.1. The class [g]^ 

Lemma 10.1. The class [g]a is exactly a 2-parameter family. 
Proof. Assume that 


g{t) = AA 0 + BA <S)A + CA A + DA 0 A 


is another Ricci flow solution with the initial data (Ai, A2, A3, A4). Then g G [g]a if 
and only if all terms converge to 0 in the sum 


\9-9\l = 


A-A 
A 


+ 


S-S" ^ 


B 


+ 


C-C" ^ 


c 


+ 


D-D 

D 


In fact, we compute 

A — — + 2 

lim — = lim = Hm A -= 1 . 

t—>-00 J± t^OO t^OO i=L A- O 

dt A ^ ^ 

Similarly, we have limj^oo ■§ = 1- From the equation of D(t) and D(t), we get 
limt^oo ■§ = 1- Then g E [g]a if and only if C and C have the same limit. The 

equations for A and C yield ^ R follows that C = , where 

Cl is a constant determining the limit of C. Then the choice of Ai and A 4 determines 
a metric in [g\a. 


10 .2. g and g are diagonal under two different frames a and (3 

Assume that we can use R* = AfXj^ with 


10 0 0 
0 10 0 
0 0 10 
0 0 03 1 


and Y- = AfXk with 
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A = 

to diagonalize go, go respectively. 
The transformation for to a is 

Vi 
V 2 
Vs 

Denoting a = — a'^ and 

A = 

we have 


10 0 0 
0 10 0 
0 0 10 
0 0 a', 1 


= AA 


-1 


y' 

-'3 


1000 

0100 

0010 

0 0 a 1 




■ W ■ 


>2 

= A 


. ^4 . 



>^2 

y' 

■'3 


As previous, we get 


9a(t) = 


A 0 
0 B 
0 0 


0 

0 

C 


0 

0 

aC 


0 0 aC a?C + D 


Thus g G [g] if and only if all terms convergence to 0 in the sum 

2 

+ 


\9 


9 \l = 


A-A 


A 


B-B^ ^ 


B 


C'-C'" ^ 


C 


D-D-a^C 


D 


+ 


2{aCf 

CD 


We get a = 0, and 


^ B C D ^ 


Theorem 10.2. The class [g] is exactly a 2-parameter family. 
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